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Abstract

Markets for information are ubiquitous in modern society. Understanding how in-
formation providers choose to sell information is important for designing policies that
improve efficiency. This paper studies markets for information when two uninformed
agents play a quadratic game and characterizes the revenue maximizing information-
selling schemes. The optimal way to sell information depends on the degree to which
agents’ actions are strategic substitutes or complements. In the case of strategic com-
plements, it is always optimal to sell perfect information to both agents. However, in
the case of strategic substitutes, there is a trade-off; revealing more information in-
creases the correlation between the agents’ actions, which in turn decreases the value of
information. If the degree of strategic substitutability is sufficiently high, it is optimal
for the seller to obfuscate information. Depending on the degree of substitutability, it is
either optimal to sell perfect information to exactly one agent, or to sell a noisy signal
to both.
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1 Introduction

This paper focuses on two important properties of information: 1) information is replica-
ble, so can be sold to multiple buyers; 2) The value of information to one buyer depends
on whether other buyers acquired the information (or not). This paper investigates the
implications of these two properties for the behavior of information sellers and buyers.

As an example, consider the firms Airbus and Boeing as information buyers, and a
consulting firm as an information seller. Here, Airbus and Boeing play a competitive game
where their utilities depend on their production/pricing actions and the demand level 6.
The parameter 6 is unknown. However, the consultant can design a study that reveals 6
with the goal of selling this information to Airbus and Boeing. Nonetheless, competing
against an informed firm is different from competing against an uninformed one. Thus,
the value that Airbus assigns to observing # may not only depend on the information
itself, but also on whether Boeing has access to 6 or not. One possibility is that Airbus’
valuation of information is independent of whether Boeing also has access to 8. A second
possibility is that Airbus’ valuation decreases if Boeing also has access to 0, creating a
negative externality. A third possibility is that Airbus’ valuation increases if Boeing also
has access to 0, creating a positive externality.

The informational externalities between the buyers are relevant because they impact
the optimal way a seller offers information. For instance, the consultant could offer to
reveal # to both firms or to only one firm. The key observation is that, as long as infor-
mational externalities are sufficiently negative, then offering information to both firms may
not maximize the consultant’s revenue. Instead, the consultant may increase her revenue
by revealing 6 only to Airbus and signing a non-disclosure contract that promises to not
reveal 0 to Boeing. Thus, if Airbus alone had access to 6, it would pay more for this deal
than what both firms would pay if they both had access to 6.

The first part of the paper explores the strategic interaction between a monopolistic
information seller and two information buyers that play a game. In this game the payoffs
depend on an unknown parameter 6 and the actions of both players. There are two stages.
In stage one, the seller chooses a selling scheme. The selling scheme specifies the buyers’
participation fees and the information structure, i.e. the rules of what the seller reveals
about 6 to each buyer. Buyers observe the selling scheme and decide to participate and
pay the fee, or to pass. In stage two, both buyers play the competitive game of incomplete
information where they use the information acquired from the seller. The seller is indifferent
about the outcome of the game, and only wishes to maximize the revenue obtained by selling
information to the buyers.

To make the problem tractable but sufficiently general, I focus on the case where the



game’s payoffs take a quadratic and symmetric form. This family of games includes many
relevant economic environments, like some price and quantity competition oligopoly models
where the unknown parameter 6 represents a scalar of the demand level. In addition, the
model assumes that: (1) the unknown parameter 6 is drawn from a common prior, (2) the
seller can privately communicate to each buyer, (3) the seller commits to the selling scheme
she offers.

The first result of this paper characterizes behavior in the Bayesian game induced by
any information structure the seller chooses to offer. It states there is a unique Bayesian
equilibrium in which the agents’ strategies and expected payoffs are expressed by a simple
and convergent infinite sum of the agents’ hierarchies of expectations about the state 6.
That is, i’s action and expected payoff depend not only on the information i gets about 6,
but also on the information 7 gets about the information —¢ gets about 6, the information
i gets about the information —i gets about the information ¢ gets about 6, and so on.
As a second result, this paper characterizes the value that each information buyer assigns
to each information structure, i.e. the value each buyer is willing to pay to receive the
private message associated with the information structure. The valuation of player ¢ of an
information structure is the variance of i’s action that the information structure induces.
That is, the greater the degree to which ¢’s action moves according to the message ¢ receives,
the more i is willing to pay for it.

The characterization of value of information structures provides the main contribution
of the paper. It provides a characterization of the selling schemes that maximize the seller
revenue and shows that they depend on the degree to which agents’ actions are strategic
substitutes or complements. For instance, provided that actions are strategic complements,
revealing the state to both players maximizes the seller’s revenue; it is sub-optimal to obfus-
cate information to either player. However, if actions are strategic substitutes, this may not
hold. With strategic substitutes there is a trade-off between the gains from providing more
information and the losses arising from increased correlation between the agents’ actions.
Different selling schemes may be optimal depending on the degree of the strategic effects.
First, with sufficiently low strategic effects, revealing the state to both players is optimal.
In this case players care more about the information itself in comparison on what the other
agent will do. Second, with stronger strategic effects, obfuscating information is optimal
and can take two different forms. Depending on the degree of strategic substitutability, the
seller may opt to completely reveal the state to only one player and reveal nothing to the
other player, or provide noisy signals to both agents.

In addition, the paper provides an analysis of revenue maximization when the seller is
constrained to publicly communicate with the players and shows that obfuscation is never

optimal. This implies that if actions are strategic substitutes with strong strategic effects,



then the seller gets strictly better off by privately communicating with the players.

1.1 Literature Review

This paper transforms the sellers’ optimization problem into an information design problem
in the spirit of Kamenica and Gentzkow (2011) (see also Rayo and Segal (2010)). Similarly
to Mathevet et al. (2020), the buyers play a game so the seller’s objective depends on all
the hierarchies of beliefs. However, here the seller’s objective depends only on the players’
hierarchies of expectations of the unknown parameter, and not on the full description of
hierarchies of beliefs.

The seminal work of Admati and Pfleiderer (1986) is the first to study optimal informa-
tion seller schemes of a monopolistic seller. They analyze a framework where a monopolistic
information seller proves information to a continuum of agents rewarding the value of an
asset. They show that it is always optimal to sell private and noisy signals to the infor-
mation buyers. This helps the seller to protect the value of information by decreasing the
amount of information that leaks trough the asset price. Similarly, this paper shows that
obfuscating information may be the optimal way to sell information.

The paper is related to work by Bergemann and Morris (2016). Using the notion of
Bayes correlated equilibrium (BCE), Bergemann provides a characterization of the distri-
bution of equilibrium outcomes in the Bayesian games generated by all possible information
structures. However, it is silent about which distribution of outcomes corresponds to which
information structures. Bergemann and Morris (2013) characterizes the set of normally
distributed BCE in quadratic games. In contrast, this paper does not impose distributional
assumptions and characterizes Bayesian equilibrium outcomes and players’ valuation for
each information structure in quadratic games.

Finally, this paper is related to earlier work on strategic information sharing in oligopoly
models. Gal-Or (1985) shows that competitors never share private information about the
demand intercept in Cournot models. More recent work in Goltsman and Pavlov (2014)
investigates conditions under which firms can communicate their costs using a mediation
protocol. These papers explore to what extent firms can trade information for information.

In contrast, this paper explores up to what extent firms can trade information for money.

2 Model

Throughout the paper, take the following conventions. Endow a compact metric space
C with its Borel sigma algebra. Denote the set of Borel probability measures by A(C).
Endow the product of topological spaces with the product topology and endow A(C) with

the topology of weak convergence. All omitted proofs in the main text are in the Appendix.



2.1 Environment

The set of players is I = {1,2}. There is a compact state space © C [0,00). The state 6
is drawn from a common prior g € A(©O) with full support The realized state is unknown
to the players. Each player i chooses an action in a set A;. The paper covers two cases:
A; = Ay =1[0,00) and A; = As = R.

Player i’s utility function u; : © x A; x A_; — R takes a quadratic form

2
ui(0,ai,a_;) = 0a; — a; — Aaa_;,

where X is a commonly known parameter. The action a; impacts ¢’s utility in three ways.

First, there is a benefit of choosing a;; that benefit is increasing in the state 6. Second,
2

a; has a quadratic cost aj. Third, a; has a strategic effect given by the term —Aa;a_;.
If A > 0, then the actions are strategic substitutes, i.e. the higher the action of the
co-player, the greater the incentive to decrease one’s own action. If A < 0, then actions
are strategic complements, i.e. the higher the action of the co-player, the greater the
incentive to increase one’s own action. If A = 0, the co-player’s action does not affect one’s
own utility, so both players face an individual decision problem.

The paper focuses on the case of mild strategic effects, i.e. environments where |}| is
not large.! Tt is assumed that A € (—=2,)). The model considers two cases. In the first
case, A] = Ay = R and A\ = 2. In the second case case, A] = Ay = [0,00) and \ = 2mr2ixn((®6)).
Notice that, if the domain of uncertainty is sufficiently small, i.e. if min(©) is close to
max(0), then this latter bound is close to 2.

The following are two examples of relevant economic interactions in which the players’

utilities have this quadratic form.

Example 2.1. Price Competition. Players are oligopolies engaging in price competition
with differentiated products. Each firm ¢ chooses a price a; € A; = [0,00). The demand
faced by firm i is given by Q; = x — ba; + ga_;, so profits are 1I; = za; — ba? + ga;a_;, where
where b, g, x > 0. Firms know all parameters except the demand intercept x, which is drawn
from [z,Z] C [0,00). Firm i’s utility can be written as u;(0,a;,a—;) = a; — a? — Aaa—;,
where 6 = 7 and A = —%. Note that A is negative, so actions are strategic complements.
The assumption that A > —2 holds provided that g < 2b. That is, if i’s demand reacts

more to i’s price than to —i’s price.

Example 2.2. Quantity Competition. Players are oligopolies engaging in quantity
competition with differentiated products. Each firm i chooses a quantity a; € A; = [0, 00) to
produce. The inverse demand faced by firm i is given by P; = x—ba;—ga_;, its costs are given
by C; = da;+ea?, so its profits are II; = (z —d)a; — (b+e)a? — gaa_;, where x > d, b+e > 0

! Appendix C provides an analysis for cases with extreme strategic effects (when |A| > 2).



and g > 0. Firms know all parameters except the demand intercept x, which is drawn from

[z,7] C [d,00). Firm i’s utility can be written as u;(6,a;,a—_;) = 6a; — a? — Xa;a—;, where

0 = ll;g is the unknown parameter and \ = ﬁge. Note that A is positive, so actions are
strategic substitutes. The assumption A < A holds provided that z — %f >d(1— %)

i.e. if the range of uncertainty of z is not to big.

Through the paper it will be convenient to parametrize the game by the parameter .
Write G(A) by the game parametrized by A.

2.2 Information-Selling Schemes

There is a monopolistic information seller who can provide signals about the state 6. In-
formation about 6 could lead the players to make better decisions, and they may thus be
willing to pay to observe messages about . The seller’s goal is to maximize revenue by
selling messages to the players.

Call the tuple Z = (M, 7) an information structure, where M := M; x M, is a
compact metric space of messages profiles and 7 : © — A(M) is a message protocol, so
that the mapping 7(-)(E) : © — [0, 1] is measurable for each measurable set £ C M. A
selling scheme consists of (Z,p1,p2), where p; > 0 is a participation price for player i. All
information structures are costless for the seller. The objective of the seller is to find a
selling scheme that maximizes revenue.

The timing is given as follows: First, the seller chooses and commits to a selling scheme
(Z,p1,p2). Second, players observe (Z,p1,p2) and simultaneously decide to participate or
not. If player ¢ participates, then ¢ pays p; to the seller. Third, Nature chooses 6 € ©
according to the common prior u, and messages (mq,mg) € My x My are drawn according
to the probability measure 7(6). Fourth, if player i decided to participate, the seller privately
sends message m; to player i; this is independent of whether —i participated or not. Lastly,
the players play the simultaneous move game G(\).

The model implicitly assumes that the individual prices are not contingent on the out-
comes of the messages. This is without loss of generality, i.e. allowing the prices to be
contingent on the messages does not increase the revenue that the seller can get. (See

Discussion 5.1.)

3 The Induced Bayesian Game

Taken together, the common prior p € A(O), the information structure Z, and the game

G(A) induce a Bayesian game. This section analyzes behavior in the Bayesian game.



Fix p € A(O) and Z. Write Q := © x M and let B be its Borel sigma algebra. Let
¢ € A(Q) be the unique probability measure such that

6(D x E) = / ~(0)(E) du, (1)

0eD
for each measurable set D C © and E C M.? The measure ¢ is the prior of states and

messages that Z induces. Call P = (Q, B, ¢) the ex-ante probability space induced by
Z. Write M; : Q — M; for the projection of €2 onto M;.

Let v : Q x B — [0,1] be a regular conditional probability given the sigma algebra
generated by M;. (Since 2 is Polish, some versions exist; see Durrett (2019).) Construct
the belief mapping 8; : M; — A(© x M_;) so that 8;(m;) = marg g, ,v((0,mi,m_;),)
for each (8, m;,m_;) € Q.2 Notice that 3; is measurable. (See Lemma A.2.) The belief
mapping [; describes what player ¢ believes about the true state 8 and message m_; of
the other player, conditional on message m;. Call T = (M;, ;)ics the type structure
induced by 7.

The type structure 7 and the game G()) induce a Bayesian game. In the Bayesian
game, a pure strategy for ¢ is a measurable and bounded function o; : M; — A;. Note
that the strict concavity of u; and convexity of the set A; imply that each best response is
single valued. (See Zimper (2006)). Thus, there is no loss of generality in restricting the
analysis to only pure strategy equilibria.

Fix a pure strategy profile o = (01,02). The player i’s expected interim utility of

choosing action a; is given by
Ei(ai ‘ mi,o_i) 2:/ ui(ﬂ,ai,a_,-(m_i)) dﬁ(ml)
@XM_.L‘

The interim expected utility for player ¢, given a message m; and a strategy profile o, is

given by
Ui(milo) = /@ bl i (m) d3m).

Definition 3.1. A strategy profile (o7, 03) is a Bayesian Equilibrium if for each message

m; € M;, 0%(m;) € argmaxg,ca, Gi(a; | mi,o*,).

The solution concept of Bayesian equilibrium requires that each player i chooses an

optimal action, given her beliefs ;, her message m; and —i’s strategy o*,.

2Notice that the set of measurable rectangles generate the Borel sigma algebra of the product space. Thus,
there is a unique measure ¢ € A(© x M) that satisfies (1). (See Theorem 1.2.4 in Athreya and Lahiri
(2006)).

3The mapping B; may change in terms of the choice of v. However, these changes would occur only on a set
of probability zero.



3.1 Hierarchies of Expectations

The paper characterizes Bayesian equilibrium strategies in terms of a geometric sum of the
players’ hierarchies of expectations about the state 8 € @. These hierarchies of expectations
are defined in the following way. Define the mapping 5} : M; — R by

1

0; (m;) := / 0 dmarg o Bi(mi).

©
Note that the the compactness of © implies the integral above is well defined and that
63 (m;) € [min ©, max ©]. Moreover, since 3; : Q@ — A(O x M_;) is measurable, the mapping
8, is measurable. (See Appendix A.4.) Given that @f is defined for both i € I, inductively

7

define the mapping éf i M; — R by

0, (my;):= /M §ﬁl(m_l) dmarg 5, - Bi(m;).

Note that 6,];“

. =k
m—_; € M_;. Moreover, since 0_;

(m;) € [min ©, max O] provided that Qﬁi(m,i) € [min ©, max O] for each
and (; are measurable, then @f " is measurable. (See
Appendix A.4.) Call 5? (m;) player i’s k-order expectation of the state conditional on
message m;. The value 5} (m;) is player i’s conditional expectation of the 6 given m;, the
value 5? (m;) is #’s conditional expectation of 51_Z»(m,2-) given m;, and so on for higher-order

expectations.

3.2 Characterization of Bayesian Equilibrium

Theorem 3.1. Fiz an information structure Z. The Bayesian game induced by (G(\), u, )
has a Bayesian equilibrium (o7, 0%) where
O k-1 =k
(i) o7 (mi) = %220:1 (T)\) 0; (m;), and
(ii) Ui(m; | o*) = o} (m;)?.

Moreover, (o7,03) is unique on a set of probability one.

There are a few remarks worth making about this result. First, Theorem 3.1 states that
the Bayesian equilibrium is unique on a set of probability one. Thus, the ex-ante expected
payoff that ¢ gets in each information structure does not depend on equilibrium selection.
This feature is in contrast to many information design models that involve equilibrium
selection. Second, each player’s equilibrium strategy depends on her hierarchies of beliefs.
However, one feature of this model is that the equilibrium can be written in terms hierarchies
of expectations instead of the whole description of the hierarchies of beliefs. Third, the
Bayesian equilibrium depends on the hierarchies of expectations in a geometric way. That
is, all hierarchies of expectations matter, but the impact decreases the higher the order.
Finally, the sign of the effect of each hierarchy depends on whether actions are strategic

substitutes or complements. If actions are strategic complements (A < 0), the effect of all



the hierarchies is positive. This implies that both players increase their action as long as
they both “commonly believe” that the state is high. In contrast, if actions are strategic
substitutes (A > 0), the sign alternates with respect to the parity of the level of the hierarchy.
This implies that player i selects a high action if ¢ expects the state is high and players are

close to “commonly believing” that they “disagree” about their expectations of the state.

3.3 The Value of Information

This section explores the value each agent assigns to each information structure. It computes
the value that i assigns to Z depending on the information that both players receive.

Fix an information structure Z = (M, ). Let (5?,5; Jken and (o7, 03) be the hierarchies
of expectations and equilibrium strategies associated to Z. Let P = (2, B, ¢) be the proba-
bility space of states and messages that Z induces. Write ©® : @ — © and M, : Q — M; for
the projection of 2 onto © and M; respectively. Write @f = @,’; oM, and o} := o] oM, for
the random variables that represent the hierarchies of expectations and equilibrium strate-
gies in the space P. Notice that, o} = %Zzozl(%)‘)k_l @f In addition, @zl =E[© | M;]
and @fﬂ = E[@Ijl | M;] for each k € N. (See Lemma A.5.) That is, @ZI (resp. @f“)
is a version of the conditional expectation of ® (resp. @Iiz) conditional on the sigma
algebra generated by M;. By repeated applications of the law of iterated expectations,
E[@f] = E[®], for each i € I and k € N.

Call Z = (M, ) silent for player i, if |M;| = 1, i.e. if agent 7 always receives the same
message. Notice that when agent ¢ decides not to participate in the selling scheme, players
face a Bayesian game with an information structure that is silent for 4.

Given an information structure Z = (M, ), define Z_; = (M’,7’) so that M| = {x},
M';, = M_; and marg ), 7'(f) = marg,, m(#) for each § € ©. That is, Z_; is the
information structure that sends m_; to —i, but sends the silent message * to ¢. Similarly
define 7 as an information structure that is silent to both players. Given a selling scheme
(Z,p1,p2), if both players participate, players play the Bayesian game induced by Z. If —i
participates and ¢ does not, they play the Bayesian game induced by Z_;, and if no player
participates, they play the Bayesian game induced by Zy.

Fix an information structure Z, let o7, 05 be the equilibrium strategies, P the probability
space it induces, and M; the message of ¢ as a random variable on P. Write U;(Z) :=
E[U;(M; | o*)] for i’s ex-ante expected payoff under equilibrium of the Bayesian game
induced by Z. Call V;(Z) := U;(T) — U;(Z_;) the value that i assigns to Z conditional on —i
participating. The value V;(Z) is the maximum payment that player ¢ is willing to pay for

participating conditional on —:¢ participating.

Theorem 3.2. Fix an environment with degree of strategic substitutability A and an infor-



mation structure . Let P be the induced ex-ante probability space and o, © its associated
random variables. Then,

(i) Elo}] = 715E[6],

(ii) Ui(T) = E[o7?],

(111) If T is silent for i, then U;(T) = (H%]E[G)])Q, and

(v) Vi(Z) = Varlo}].

Proof. Fix and information structure Z. We show each point separately:

(1) By repeatedly using the law of iterated expectations, for each k € N, E[@f] = E[@®].

Therefore,

(74) This statement is a consequence of Theorem 3.1. The result states that the interim
utility U;(m; | 0*) = o (m;)?. Thus, U;(Z) = E[U;(M; | 0*)] = E[o}?].

(73i) If 7 is silent to ¢, then [M;| = 1, so o} is a constant random variable. Thus, by (i),

*

o} is equal to the constant QJ%\E[@] Then, by (ii), i’s ex-ante expected utility must be
2
Elo:?) = (%%AE[G)]) .

(tv) Notice that point (i) states that E[o}] = 2+#)\IE[G)] Now, since Z_; is silent for i,
U(z-;) = (2+L)\IEJ[('-)])2 (see point (iii)). Thus, U;(Z_;) = E[o}]?. In addition point (i)
implies U;(Z) = E[o}?]. Therefore,
Vi(Z) = Us(Z) — Us(1—s)
= E[o}?] - E[o]?

— Varlo?],

as desired. O

Point (i) of Theorem 3.2 states that i’s expected action is independent of the information
structure. Thus, from an ex-ante point of view, the players’ expected actions are invariant
to the information the seller chooses to reveal. This follows by the quadratic nature of the
payoffs which imply that the best responses are linear functions. Point (i) has important
consequences for optimal policy-making in duopoly games. For instance, suppose a regulator

would like to find the information structure that minimizes expected prices or maximizes

10



expected quantity. In this case, Theorem 3.2 states that is not possible to change the
player’s expected actions by way of selecting information that the players receive.

Point (i) provides an expression for the expected utility that each player i gets in the
Bayesian equilibrium. It states that this value is the expected value of the square of her
strategy.

Point (i27) provides the expected value of of any information structure that silent for
i. It shows that agent ¢ is completely indifferent among all information structures that are
silent to . In other words, given that ¢ receives no information, i is indifferent about the
information that —i gets. This is a consequence of the quadratic nature of the payoffs.
In these games, the ex-ante expected action of —i is constant (see point (7)). Thus, given
that i receives no information, changes in the information structure for —i only changes the
variance of —i’s action but not is mean. Consequently, changes in the information structure
for —¢ only change the variance of i’s payoff, but not its mean. Thus, ¢ is indifferent among
changes in the information —i receives.

Point (iv) states that the value that ¢ assigns to Z is the variance of i’s associated
equilibrium strategy. This means that ¢ values Z to the extent that it “moves” ¢’s action
“in the right way.” Moreover, since the variance is non-negative, the value that i assigns to
any information structure is non-negative.

Theorem 3.2 characterizes the maximum revenue the seller can get for a fixed information

*

structure Z. The price p; = Var[o}

*] is the maximum transfer that player i is willing to pay

to participate in the seller’s scheme. Thus, for each information structure Z = (M, 7), the
seller’'s maximum revenue is given by R(Z) := Var[oj] + Var[oj]. Therefore, the seller’s
objective is to find the information structure Z that maximizes the sum of the agents’

variance of their strategies.

3.4 Benchmark Information Structures

This subsection computes the seller’s revenue of information in two benchmark information
structures.The first is the information structure that fully reveals the true state 6 to both
players. I denote this information structure by Z; o := (0,0, 7 2) where each message
set is ©, and the message mapping satisfies 7 2(6)(61,62) = 1 if and only if §; = 6y =
§. Notice that for the case A = 0, Z; 2 maximizes the seller’s revenue among all type
structures. This follows from the fact that when A = 0, each player faces an individual
decision problem. Thus, more information is always better and completely revealing the
parameter § maximizes each player’s expected payoff. (see Blackwell (1953)).

The second benchmark information structure fully reveals the state to only one player,
say player 1, while revealing nothing to player 2. Denote this information structure by

7y := (©,{x},m), where O is the message set for player 1, % is a “silent” message for player

11



two and m1(6)(01, %) = 1 if and only if §; = 6. The proposition below provides an expression

for the seller’s revenue in both benchmark cases.

Proposition 3.1. Suppose the players face a game G(\). Then,
(i) R(Z1) = § Var[®], and

(i) R(I12) = ﬁ Var{©].

Proposition 3.1 provides expressions for the revenue of Z; and Z;» as a multiple of
Var[®]. Notice that the variance Var[®] is exogenously given by the common prior u €
A(®), so it is invariant with respect to the information structure that the seller selects.
The more initial uncertainty players have about the state 6, the higher Var[®] and the
more valuable both information structures become. Figure 3.1 below illustrates the seller’s
revenue in these two benchmark cases for any degree of strategic substitutability A € (—2,2)

when Var[®] is normalized to 1.
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Figure 3.1 Revenue comparison between Z; and Z; »

There are three important remarks worth making about Figure 3.1. First, the revenue
of 7; is independent of X\. The reason is that, under Z;, player 2 chooses o5 = (ﬁE[@])
independently of whether 1 decides to participate or not. Thus, A, the parameter that
governs the relevance of o5 to player 1, has no role in how player 1 values Z.

Second, at A = 0, there are no strategic effects. Thus, the revenue of selling the informa-
tion to two players is twice the revenue of selling it to just one. This means R(Z;2) = 2R(Z;)
and no informational externalities exist.

Third, at any value A # 0 the strategic effects leads R(Z;2) # 2R(Z;). Consider the
the case of complements (A < 0). Since players actions complement each other, the value
of good news (a high realization of 6) increases if the other agent also observes good news.
Thus, the value that player 1 assigns to observing 6 increases if player 2 also observes 6 and
a positive informational externality arises. Now consider the case of strategic substitutes

(A > 0). Since players’ actions obstruct each other, the value of good news (a high realization

12



of #) decreases if the other agent also observes good news. Thus, the value that player 1
assigns to observing 6 decreases if player 2 also observes 6 and a negative informational
externality arises. These effects manifest in the negative slope of R(Z;2) in Figure 2. The
higher the degree of sustitutability A, the higher negative the externality. In fact, when
A > 2(v/2 — 1) & 0.83, the effect of the externality is so strong that the total value of
information is higher when only one agent has access to 6. In other words, for high values
of A the total value of information gets destroyed if information is given to both players
instead of to only one. Thus, the seller prefers to offer the information to only player 1 and
commits to not sell the information to the other agent. In this way, player 1 accepts to pay

a larger amount for Z; than what both players would pay under Z; .

4 Characterization of Optimality

This section characterizes the information structures that guarantees the seller’s revenue
maximization. The key is to use Lemma 4.1 below, which decomposes the value of infor-

mation of each player in terms of covariances of the players’ hierarchies of expectations.

Lemma 4.1. Let Z be an information structure and P = (Q, B, $) be the probability space
T induces. Then,

(i) Col®],8] = Cor[®),0,],
(ii) Cou[®, 8", = Cov[@F, @f“]
(iii) Varlo}] = i Covlo},®] — 3 Covlo, 0% ], and
(iv) R(T) = $Cov[®, 0% + a3] — ACou[o}, o).

The identities from 4.1 are direct consequence of the law of iterated expectations. Figure
4.1 illustrates identities (i) and (i7) by showing a “zig-zag” pattern in the covariance matrix
of ® and (@f)ze 1,keN. The identities state that any two entries that are in the same block
must be equal. This identities state that the hierarchies of expectations (and thus the
equilibrium strategies) cannot be arbitrarily correlated. Identity (¢ii) uses the first two
identities to decompose the value of information for each agent. Identity (iv) uses (iii) to

decompose the seller’s revenue 7 into two components.
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Figure 4.1 Covariance Matrix of ® and its hierarchies of expectations up to the 4-th order.

The first component is given by %Cov[@, o’ + o] and is called direct component of 7.
This first component is driven by how Z helps players to correlate their actions with the true
state 6; the players increase their payoff if they select higher actions when the state is high.
The second component is given by —ACov[o}, 03] and is called the strategic component
of Z. This second component is driven by the correlation that Z induces between players’
actions. If actions are strategic complements then the players prefer positive correlation
so they can increase the pie. If actions are strategic substitutes, then the players prefer
negative correlation to avoid obstructing each other.

Different information structures lead different strategies, and thus, different levels of
correlation between the agents’ strategies. For instance, under Z o, both players choose
higher strategies for higher values of 6, so their actions are positively correlated. With
71, player 2’s strategy is constant so players’ strategies are uncorrelated so the strategic
component is zero. The key observation to characterize optimal selling schemes is that
the equilibrium conditions imply that if Cov[@®, o} + o] is high then Cov[o], 03] must
be high as well. This implies a trade-off between the first and the second component for
the case A > 0. On the one hand, the seller wishes to provide more information to the
players in order to increase the players’ direct component. On the other hand, providing
more information leads higher correlation of the players’ strategies, decreasing the strategic
component. The seller may be willing to sacrifice some of the revenue from the direct
component by obfuscating information in a way that decreases the correlation of the agents
strategies. Thus, for high values of A, the seller may need to tune the information structure
in a way that finds the optimal balance between providing more information about the

state, and inducing opposite actions.
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4.1 A Bound on the Seller’s Revenue

Proposition 4.1. Fiz an environment with strategic effects given by the parameter A. Then,
for each information structure T, R(Z) < b(\) Var[®], where

2 . 2
B = { O ff As g
ne-y UA>3

Proposition 4.1 provides an upper bound of the seller’s revenue. There are two important
remarks about this bound. First, the bound linearly depends on the initial variance of the
state. That is, the maximum revenue that the seller can obtain depends on the initial level
of uncertainty. The higher uncertainty the more valuable information is for the buyers.
Second, the bound has an “U” shape that reaches its minimum at A\ = 1. Figure 4.2

illustrates this bound and compares it with the revenue of Z; o and Z;.

08

07

06
05 028

04

Seller's Revenue

03

Seller's Revenue

02
Upper bound

014 ==~ Unilateral disclosure . 06 08 12
Degree of strategic substitutability (A)
-~ Total disclosure to both

0.0 T T T T T T T
-20 =15 -1.0 -0.5 00 05 10 15 20
Degree of strategic substitutability (A)

Figure 4.2 Upper-bound of seller’s revenue.

Corollary 4.1. Fiz an environment with degree of strategic substitutability .
(i) If X € (—2, %), then I 5 mazimizes the seller’s revenue.
(ii) If X =1, then I; mazimizes the seller’s revenue.

Corollary 4.1 is a direct consequence of Proposition 3.1 and Theorem 4.1. With strategic
complements (-2 < A < 0), both components are maximized by Z; 2 so the bound is
achieved by Z; 5. With mild substitutability effects (0 < A < %) the direct component
dominates the strategic component so the bound is also achieved by Z; 2. However, with
strong substitutability effects (% < A < 2) the strategic component is so strong that 7 o
may not maximize revenue. Moreover, if A = 1 then Z; maximizes revenue among all

information structures.
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4.2 When is the Bound Achievable?

A natural question that arises is whether the upper-bound from Proposition 4.2 is achievable
by noisy information structures in the region \ € (%, 1) U (1,2). The following result
provides a characterization of information structures that achieve the upper-bound b for

high values of \.

Lemma 4.2. Fiz an environment with degree of strategic substitutability A € (%,X). Then,
mazimizing R(T) is equivalent to minimizing Var{o; +03— 55 ©]. In addition, the following
statements are equivalent:

(i) R(I) =b(A) Var{®],

(i) Varlo; + o3 — 50] =0, and
(iii) Var[®; + ©, — 220] = 0.

The result provides sufficient conditions for optimality in the region \ € (%,X). Firstly,
it founds a dual problem for the revenue maximization problem. The dual is to minimize
the variance Var[o] + o5 — %@] Thus, any information structure such that Var[o] +
05— %(—)] = 0 implies revenue maximization. In addition, the result also provides a simple
condition for optimality in terms of only first-order expectations about ®. This condition
states that any information structure such that Var [@1 —i—@;— %@] = 0 maximizes revenue.
It turns out that the existence of such information structure depends on the parameter A
and the shape of the common prior p € A(®). On the one hand for each A € (%,X), there is
a prior © and and information structure Z that achieves the upper-bound. (See Proposition
4.2.) On the other hand, there exist some priors i such that for almost all values \ € (%, A),

there is no information structure Z achieves the upper-bound b. (See Proposition 4.3.)

Proposition 4.2. Fiz an environment with degree of strategic substitutability X € (0, )).
Then, there exist a set ©, a prior u € A(O), and an information structure I so that
R(Z) = b(\) Var[®].

! : A T
2 D)
3 1 ; Hy, H,
'- : o
v v ¥ "
(@) LAl wal0) : Ly, Hy
G.\{
3 Hy L,
7]
L f_Lt LZ
0, Oy Oy O, By by B, By BOm

Figure 4.3 Hlustration of x and Z from Proposition 4.2
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Proposition 4.2 shows that for each parameter A, the there exists environments where
the bound on revenue can be achieved. The proof constructs an environment with a state
space © = {0}, 0,,,0;,} where 6;+1 = 60,, = 0, — 1 and a prior u € A(©) that depends on .
In such environment there is a simple information structure Z = (M, ) with M; = {L;, H;}
that achieves the bound. It sends message L; to each player in case the state is low, sends a
high message H; to each players in case the state is high and send apposite messages when
the the state is medium (randomizing with equal probability in both possibilities).

Figure 4.3 illustrates how the prior u changes with respect to A\. Notice that the higher
the parameter A is, the higher the probability u assigns to the medium state 6,, and the
higher the probability of agents receiving opposite messages. This implies that higher A leads
to 1) lower correlation of the agents’ strategies with 6 (decreasing the direct component),

and 2) lower correlation between the agents’ strategies (increasing the strategic component)

Proposition 4.3. Consider an environment with a parameter X € [2,)), a state space

3>
© = {0;,0,} and common prior p € A(O) that assigns uniform probability.
(i) If A\ = k2—_f2 with k € N, then exists T so that R(Z) = b()\) Var[®],

(ii) Otherwise, R(Z) < b(\) Var[®] for each T.

Proposition 4.3 states that for priors with binary support and uniform probability, is
impossible to achieve the upper bound for essentially all parameters \ > % My understand-
ing is that the fact that all the weight of i is assigned at the extremes creates difficulties

on how the seller can use the information to coordinate the agents’ strategies.

4.3 When Noise is Optimal?

The results so far show that noisy information structures may dominate the benchmark
information structures Z; and Zy» when A € (%,1)J(1,)), at least with some priors p €
A(O). The question that my current research is trying to answer is whether there is a
region of values of A\ such that noisy information structures dominate irrespectively of the

prior © € A(©). The following conjecture illustrates my guess.

Conjecture 4.1. There exists a value A > 1 so that for each \ € (S\,X) and each prior
€ A(O), there is an information structure Z such that R(Z) > max(R(Z1), R(Z12)).

4.4 Selling Schemes with Public Communication

In this section I analyse the seller’s problem with the assumption that, by exogenous reasons,
the seller has the restriction that she can only communicate publicly with the players.
Call an information structure Z public if Z = (M, n) with M; = My and Supp (7(0)) =
{(m1,m2) € My x My :my = mo}.
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Note that given Z, the information structure Z_; may not be a public information
structure. Thus, in this case the seller cannot provide the information structure Z_; in
case 1 decides not to participate. However, the expression for the value of information from
Theorem 3.2 still holds. To see this, assume that the seller provides Zy (the information
structure that is silent to both players) in case one player or both decide not to participate.
Theorem 3.2 implies that U;(Zy) = U;(Z_;) since both information structures are silent
for i. Thus, Ui(T) — Ui(ZT—;) = Ui(Z) — U;i(Zy), so agent i’s value of Z conditional on —i
participating is the same as in the previous analysis. Thus, the maximum payment that ¢
*

is willing to pay for participating is Var[o’

*] and previous results hold in the same way as

before.

Proposition 4.4. Fix an environment with degree of strategic substitutability A\, a common
prior p € A(O) and suppose the seller is constrained to use public information structures.

Then, Iy o mazximizes the seller’s revenue.

Proof. Fix a public information structure Z = (M, M,w). Note that ?lf(m) = ?’5' (m)
for each message m and each k,k’ € N. That is, all the hierarchies of expectations of

both players coincide for each public message m. Then, o;(m) = 2%\@1 (m), so Var[o}] =
ﬁVar[@i]. In addition, Lemma 4.1 implies Vaulf[@z1 | = COV[@;,@] for each player i.

Thus,
Var[®] — Var[©,] = Var[®] — 2Cov[®,, ©] + Var[©, ]
= Var[® — ©,]
>0,

SO Var[@zl | < Var[®]. Therefore, for each information structure Z,
R(Z) = Var[o]] + Var[oj]

—1 —1
= ﬁ <Var[®1] + Val“[@ﬂ)

S ﬁ\/&r[@]
= R(Z{,).

which establishes the result. O

Corollary 4.2. If A\ > 2(v/2 — 1), then public information structures do not mazimize

revenue. Thus, the seller is better off if she can privately communicate with the buyers.

The Corollary above follows from the fact that Z; dominates Z; o for high levels of
A. Since 7y is optimal among the public information structures, it follows that public

information structures are not optimal.
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5 Discussion

This paper studies markets for information when two uninformed agents play a quadratic
game. By the strategic effects of the players’ actions, informational externalities arise. In
other words, the value of information not only depends on the information itself but also in
the information that the other buyer has. This paper shows that the informational exter-
nalities have important consequences on how information is spread. The paper shows that
in the case actions are strategic complements information flows easily. A third party seller
would offer information to both parties. In addition, with the help of a mediation, players
themselves would trade information between them. However, in the case that actions are
strategic substitutes, frictions to transmit information appear. With strategic substitutes
trading information between the players becomes impossible. In addition, if strategic effects
are sufficiently strong, a third party seller would opt to obfuscate information by selling in-
formation to only one player or by providing noisy signals. The paper closes with a brief
discussion of different extensions, comparisons with other papers and questions for future

research.

5.1 Selling Schemes with Contingent Prices

The selling schemes discussed in Section 2.2 implicitly assumes that prices cannot be contin-
gent in the signals that the buyers observe. We show that this is without loss of generality.
Consider an environment where the price p; : M; — R is a function contingent in the
message. Write p; := p; o M; for the random variable in the space P that represents i’s
payment. Notice that E[p;] is i’s expected payment for participating in the selling scheme.
By Theorem 3.3 player ¢ would accept to participate in the selling scheme if and only if
Var[of] > E[p;]. That is, player ¢ participates if and only if the value of information exceeds
the expected payment. In addition, the seller’s expected revenue from a selling scheme is
E[pi1] + E[p2]. Thus, in any selling scheme where agents participate and provide revenue
E[p1] + E[p2], there is a selling scheme with fixes prices p; = E[p;] that achieves the same

revenue for the seller.

5.2 Robustness

This paper shows that obfuscating information with noisy signals may be optimal to maxi-
mize revenue. However, the optimal noisy information structures are highly sensible to the
original prior of the state. Tiny changes in the prior could potentially lead to big losses on
the value of information.

However, there are two information structures that are in certain sense “more robust”

than any noisy information structure. Notice that V(Z;) and V(Z; 2) depend on the prior
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w only trough the level of uncertainty Var(®). (See Proposition 3.1.)

My guess is that noisy information structures can potentially do much worse than Z; »
and Z;. That is, for each information structure Z there is a (non degenerated prior) p €
A(O) such that

R(T) < max[R(ZL1), R(Z12)] = max{§, 52 } Var[©)].
That is, while a noisy information structure Z may be optimal for a prior u, Z may be worse
than Z; o or 7 » for some other prior y/. Therefore, if the information buyers are “unsure”

about the true prior and have min-max preferences they may be willing to pay more for

1y or Iy 2 than to any other information structure.

5.3 Other Quadratic Forms

The results of optimal selling schemes can be applied to other environments with a more
general quadratic form. For instance, suppose the unknown parameter is 6 payoff function
of agent ¢ is

;i (a;, a_;, é) = 5067% — 51@? — 0g2a1a—; — 03a; — 04a_; — f(é)v (2)

where 91 > 0 and certain function f : R — R. This section argues that the selling infor-
mation model with this payoff function is equivalent to a model with the standard form.

This means, is equivalent to analyse the payoff function @;(a;, a—;,0) = 0a; — a? — Xa;a—;,

by taking the transformation 6 := % and setting \ = g—f.
To show the equivalence, notice that after normalizing this payoff by ¢; leads
j— f(o
ui(ai,a—;,0) = 99024, — a? — Laa_; — Fa_; — L0

2 g (6
=ba; — aj — Aaja—j — sta—; — f§1)7

where f(6) := f((51(%) +63)) = f(A). Notice that players best response of i is independent

—g—‘la,i — @. Therefore, for any information structure Z, the agents’ unique
1 1

of the terms
Bayesian equilibrium is still given by (o7, 03) from Theorem 3.1. In addition, note that the

expected payoff that player 7 gets under an information structure Z is

Ui(T) =E[@®c; — o} — \ojo™, — $io*, — 19(O)]

—1

=E[@c; —o? — \ojo*;| — %E[Uii] — %E[f(@)]

(2 (2
However, notice that E[ f (®)] depends only on the prior py but not in the information
structure Z. Moreover, the same is true for the term E[o*;]. (See Theorem 3.2.) In other
words U;(Z) = E[@c}f — 02 — M\ofo* ;] — c for certain constant ¢ € R and the analysis of

the value of information holds in the same way as in Section 3.3.

Example 5.1. This example illustrates a payment function that takes the form (2). In the

spirit of the beauty contest, consider the utility function with quadratic form (Morris and
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Shin (2002))
wi(ai,a—i,0) = —(1 —7)(a; — 9)2 +7r(a; — a_Z-)Q,

where r € (0,1). In this game, agents have incentives to match the action a; with the state

f and the action of the other player a_;. Notice that expanding this expression leads
ui(ai,a_i, 0) = 2(1 — r)af — a? + 2raa_; — (1 —r)6?
= dga;f — 51a22 — daaa—; — f(0),
where 6y = 2(1 —r), §; = —1, 6o = —2r and f(0) = (1 — 7). This, environment is
equivalent to an to the former model with a the degree of strategic sustitutability A = —2r.

Therefore, selling information to both agents maximizes revenue. (See Corollary 4.1.)

5.4 Bayes Correlated Equilibrium

The notion of Bayes correlated equilibrium (BCE) is a solution concept that character-
izes all distributions of outcomes that can be generated by a Bayesian equilibrium of any
information structure. This solution concept can be used to compute the seller’s scheme
that maximizes revenue. However, this paper abstracts from it. The reason is that a
characterization of BCE outcomes does not reveal what BCE outcomes are attached to a
particular information structure. For instance, suppose that a researcher would like to have
a prediction of behavior and payoffs for a particular information structure Z she has. The
BCE characterization provides a set of outcomes that can be achieved by all information
structures but is silent about what outcomes are realized for a particular Z. Instead, this
paper finds characterizes the unique Bayesian equilibrium for each information structure so
a researcher is able to compute the value of information for each agent and each information

structure.
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Appendix A Belief Mappings

Fix an information structure Z = (M, m) and let P = (€2, B, ¢) the probability space that Z
induces. Let Awm, be the sigma algebra generated by M;. Since 2 is Polish, there exist a
version of regular conditional probability v : Q@ x B — [0, 1] given Apg, (see Theorem 5.1.9
Durrett (2019)). Note v satisfies three properties.
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(i) For each w € Q, v(w,-) is a probability measure on (2, B).
(ii) For each E € B, v(-,E) : Q — [0,1] is a An, measurable.
(iii) Foreach E€ B, F € A

[ B0 dow) = 9B P,

Define 7 : @ — A(Q) so that ?(w)(E) = v(w,E) and 7 : Q@ — A(© x M_;) so that
) € © x M_; and define g; : M; — Q so that

)

gi(m;) = (6%, m;,m* ;). Define the belief mapping 5; : @ — A(© x M_;) by B; := 7 o g;.

Lemma A.2 below shows that 3; is measurable. In addition, Lemma A.3 below shows the

Ui(w) = marg gy P(w). Fix (6%, m-

choice of (0*,m* ;) does not change the mapping ;.
Lemma A.1. The mapping 0 : Q — A(Q) is measurable.

Proof. Since € is a compact metric space, the Borel sets in the topology of weak convergence
is generated by sets of the form {u € A(Q) : u(E) > p}, for E € B and p € [0,1]. (See
Gaudard and Hadwin (1989).) Therefore, to show that v : Q@ — A(f) is measurable,
it suffices to show that {w € Q : D(w)(E) > p} € B for each E € B, p € [0,1]. (See
Corollary 4.24 in Aliprantis and Border (2006).) Fix E € B and p € [0,1]. Notice that
v(-, E) : Q — [0,1] is measurable with respect to A, so is measurable with respect to B
as well. Thus, {w € Q:v(w,E) >p} € Bso{we Q:v(w)(E) > p} € B as well. O

Lemma A.2. The mapping 5; : M; — A(© x M_;) is measurable.

Proof. Notice that proj gy s, : 2 = © x M_; is continuous. Then, marg g, s, : A(Q) —
A(©x M_;) so that marg g, s, is the image measure of 4 under proj g, is continuous.
(See Theorem 15.14 in Aliprantis and Border (2006).) Since 75 is measurable (see Lemma
A.1), the mapping 7; = marg g, s . ©%; is measurable. Since g; is also measurable, it follows

that §8; = ; o g; is measurable. L]
Lemma A.3. Fizw,w’ € Q. If proj s, (w) = proj y, (w'), then v(w) = v(w’)

Proof. Fix w,w’ € Q so that proj p;,(w) = proj 5, (w'). Notice that for each E € B, the
mapping v(-, E) : Q — [0, 1] is measurable with respect to An,. Then, for each F € B,
v(w,E) = v(w', E). This implies that 0(w) = P(w’) and so P(w) = P(w). O
A.1 Hierarchies of Expectations

The following lemma implies that all the hierarchies of expectations (é’f,@g) keN are mea-

surable.
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Lemma A.4. Let f : © x M_; — R be a bounded and measurable mapping. Definef :
M; — R so that

ﬂmaz/fWMm»

Then, f is measurable.

Proof. Define f: A(© x M_;) — R so that

~ [ ran

Since f is bounded and measurable then f is well-defined and measurable. (See Theorem
15.14. in Aliprantis and Border (2006)). Therefore, f = f o f; is measurable. (See Lemma
A2) O

Let X : Q2 — R an integrable random variable on P and v the fixed regular conditional
probability that defines ;. The mapping E[X | M;] : Q@ — R so that

E[X | M;]( /x v(w, dw'),

is a version of the conditional expectation of X given Anp, (see Athreya and Lahiri (2006)).
That is,

(i) the mapping E[X | M;] is Apm,-measurable, and

/AIE[X]Mi] dqs:/A X do.

Notice that since E[X | M;] is Ap,-measurable, then E[@® | M;|(w) = E[® | M;](w') for
each w,w’ € Q so that M;(w) = M;(«’). Denote E[® | M; = m;] as E[® | M;](w) for an
element w € Q such that M;(w) = m;.

(ii) for each A € A,

Lemma A.5. Write @f = 5? oM; for each k € N. Then,
(i) ©; =E[© | Mj], and
k:+1 —k
(it) ©; E[©; | M;].

Proof. To show (i), fix w € Q and write M;(w) = m,;. Notice that

; (w) = 8; (m))

= /9 marg g J;(m;)

/ OW) v(w, dw')

=E[© | Mi](w),

as desired. The proof of (ii) is analogous. O
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Appendix B Omitted Proofs

B.1 Proofs from Section 3

Proof of Theorem 3.1
The proof is divided in four steps. The first shows that each type m;, o} (m;) € A;, the
second shows that (o], 03) is a Bayesian equilibrium, the third shows uniqueness of Bayesian
equilibrium, and the last computes the interim expected utility of each type.
Step 1. Fix m; € M; and write f;(m;) == £ >22, (%A)k_l @f(ml) We show that for each
myg, fi(mg) € A;.
First consider the first case where 4; = R and A € (—2,2). Notice that 0 < 0¥(m;) <
max(0) for each k € N and |3| < 1. Thus, fi(m;) is a convergent sum so f;(m;) € A;.
Now, consider the second case where 4; = Rt and 2 < X\ < A. Note that for each k € N,
0 <min® < éf(mz) <max®©. If A <0, then

[e o]

_a\k—15k
fitmi) = 3> (F)" 8 (mi) >0,
k=1
since each term in the sum is non-negative. If A > 0 then

filtmi) = 13 () 0r (my)

k=1
=3 () ) 5 () 8
keN oy
N ()0 ) - 23 ()6 ()
keN prd
252 ()7 min(©) =33 ()" max(©)
keN pyrd

= 2= (2min(O©) — Amax(0)).

Then, since A\ < \ = 2?;;‘)1(%, it follows that f;(m;) >0, so f;(m;) € A; = RT.

Step 2. Now, I show that (o7,035) = (ff, fs) is a Bayesian Equilibrium. We shall show
that

o;(m;) € arg max / (a; 0 —a? — X a; o*;(m—;)) Bi(m;)
' ' @XM,Z‘
To prove this, it is enough to show that

aﬂmnzg/e—AaAmiwwmmy (3)
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Notice that for each m; € M;,

or(mi) =43 ()7 8 (ma)
k=1

=3 <63<m2-> +3 () 0)
k=1

=3 (Bom 33038 )

k=1

3 ([ 1@ o aon)

k=1

where the fourth equality follows from the definition of @; (m;) and @lﬁl(mi), and the last

(2

equality from definition of o (m;). Thus, equation (3) is satisfied.

Step 3. Now we compute the interim expected utility of each type m; under o*. Note that

wlmi [0 = [ w(O.07m).o” (ms) dBom)
— [ arm) O - ot (m) — A" (m_)) dB(m)
OxXM_;

= o7(mi) /@ (6= 0im) = X% m_) ds(m)

= o7 (m;) [/exMi(Q — Aot (m-)) dB(m;) — o} (mi)

= o} (mq)*.
where the fourth equality comes from equation (3).

Step 4. Now, we show that (¢}, 0%) is the unique in a set of probability one. Fix a
Bayesian equilibrium (61, d2). Consider the probability space P = ((© x M), B, ¢) induced
by Z. Write 6 := 6] o M; and recall that o} := o o M;. To show that the Bayesian
equilibrium is unique in a set of probability one, we show that E[|o} — ;|] = 0. Note that
(3) implies that o} (m;) = E[+© — 0%, | M; = m;]. Notice,

5 (1. 0 a2 _ L5 ) () -
Uz(mz) € arg gleaj{i / (az 0—aj —A\a; Ufz(mfz)) /Bl(ml)
@XM_i

By the first order conditions, &;(m;) = E[50 — %&,i | M; = m;] if A; = R. Similarly,



6i(m;) = max[E[1© — 36 _; | M; = m;],0] if A; = [0, 00). Thus, in either case,

o7 (m;) — 65(ms)| < |E[3© — 307 | My = my] —E[30© — 36 | M; = m,]|
|E 507 —5&1 | M; = mi]|
§|%‘E|Ji—ai|]Mi:mi]. (4)
Consequently,
Eflo; o < 3] E[E [0 — o] | My = m]
= 2|E[le%i -]
So Eflof —ai]] < (%)2 Ellof — &i|]. Since |A| < 2, it follows that E[|o} —&4]] = 0.

Therefore, the Bayesian equilibrium is unique in a set of probability one.

Proof of Proposition 3.1

First, consider the type structure Z;. Since player 1 observes the true state and player 2
does not observe any signal, then @} =0, @; = E[®]. In addition, since both know
that player 2 do not observes any signal, @f = E[®] for each k € N, k > 2, i € I. Write

= 2b\Var[@] and notice that

- k1=
() ol =3%%en (F) ©
NN k1=
(i) 05 =5 ke (1) ©

Therefore, Var[o}] + Var[o's] = Var[$ — €] + Var[§] = $Var[©].

Now, consider type structure Z; ». In this case, @f = O for each i € I, k € N. Thus,

for each player i € I.

* 1 )\ F 1

k’eN

Therefore, Var[o}] + Var[o}] = 2Var[;1,©] = CESYE Var[©]. O

24+ (2+>\

B.2 Proofs from Section 4

Lemma B.1. Fiz a probability space P and let X be a real integrable random variable and
Z1 and Zs two other random variables. Let le be a version of E[X | Z;] and for each k € N,
let Xf“ be a version of E[X’il | Z;]. Then, for each k,¢ € N,

(i) C’ov[ff,X] = C’ov[if,fil], and

(i) Cou[X!, X", = CouX}, XM,

Proof. First we show (i). Note that random variable Xf is measurable with respect to the
sigma algebra generated by Z;. Then, E[Xf X |Z)= Xf E[X | Z;] with probability one.
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(See Theorem 34.3 in Billingsley (2008).) Thus,
E [ka} —E [E[XfX] | zi]}
—E [XfE[X | zi]]
- EX;X;],
where the first equality comes from the law of iterative expectations, and the last equality
is given by the definition of Xll .
Now, by the law of iterated expectations E[K: | = E[X]. Thus,

Cov[X}, X]| = EX; X] - E[X}|E[X]
= EX;X}] - E[X]JE[X;]
— Cov[X}, X,
as desired. The proof of (ii) analogous to the proof of (i) by replacing X with X O

Proof of Lemma 4.1
Identities (¢) and (i) follow from Lemma B.1.
To show (i7i) By using the linearity of the covariance, the first identity implies that

Covlo;, 0] = Z 7’\ ' Cov [@ ('-)]

kEN
QZ (1) Cov| 87,9
keN
= Cov[af,@il].

Analogously, for each k € N identity 2 implies Cov[af,@lii] = Cov[o';f,@éC +1]. Therefore,
2 Var[oj| =2 Cov[o”-k o""]

_QZ 0'@]

keN
v =1 _ —k+1
= Cov[o},0;] — 3 (7)‘) Cov[a e, |
keN
% A k-1 « ~k
= Cov[o;,0] — 5 (%*)"  Covle}, 0]
keN
= Cov[o}, ®] — A\Cov|o},o",],
as desired.
Finally, identity (iv) follows from identity 3 and the definition of R(Z). O
Lemma B.2. Fiz an information structure Z. Then
(i) R(Z) = Wl—k) Varl®] — 525 Var [0} + o5 — 0], for each A # 0, and
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(ii) R(T) = e Varl®-52 Var o — 25| -%8 Var[o3 - 2] -

Proof. First we show (i). Fix A # 0. By Lemma 4.1, R(Z) = 3Cov[®,0} + 03] —
ACov[oi, o5]. This implies

2 Cov[oi,o5] = $+Cov[o], ®] + 1 Covos, O] — FR(T). (5)

2 A * * 20
2+ V‘”"["'l"'a'z_ PESY

Then,

Var [0} + 05 — 550] =1z Var[®] + Var[o}] + Var[o}] + 2 Cov[o}, 03] — 1+ Covlo], ®] — 1 Cov]oy, O]
=5z Var[®] + R(Z) + 2 Cov[o}, 03] — 1 Cov[o}, ©] — 1 Cov(os, O]

=nz Var[®] + R(Z) - 3R(T)

=g Var[®] + 232 R(Z),

where the third equality follows from (5). Rearranging this equation shows (i), as desired.
Now we show (i7). Write C := 24_3;‘ Var [ o — 2+)\} Cy = 24_3;‘ Var [ o5 — 2_%}, and

Cy = %Var ol +o5— 2+)\} First notice that

Cr = 2+3A’\ Var [ o} 2%\}

Analogously, Cy = 332 +3/\ Var|os] + é +§’\;‘5 Var[©] — %COV[O’;, ©]. Therefore,

C1+ C2 =R R(T) + (3735 Var[®] — 57552 Cov[o] + 03, ©)]
Now, notice that
Var [a”{ +o5— 22_%] = Var[o] + o3] + ﬁ\/&r[ |- 2+A Cov[e] + 03, O]

= Var[o]] + Var[o3] + 2Cov]o], 03] + ﬁ\/ar[@] - 2i>\ Covl[o] + 03, 9]

= R(Z) 4+ 2Cov|[o], 03] + ﬁ\/ar[@] 2+>\COV[O'1 +03,0].
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This implies

Cs —QZ_AVar [a’*{ +o5— QQJ%]
=5 R(T) + 55 Covlo], 03] + 5y Var®] — iy Covle] + o3, ©]

=75 R(T) + 25 (Covlo] + 03, 0] — 2R(T)) + 5y Var[©] —

ERPESY yzCovlo] + 05, ©]

(2+>\
= (% — k) RO + iy Varl®] + (g — o) Covlot + o3, @

=% BI) + @iy Varl®] + iy Covle + 05, ©),

where the third equality follows from (5). Therefore,
Ci+C+ 0= (22+3/\)\ + 22/\+>\4) R(T) + ((2+A)3 + (3+§3\ ) Var[©]
= (32) R@) + 25 Varl@]
= —R(T) + 5 Var[@],

rearranging this equation shows (i7).

Proof of Proposition 4.1
Fix an information structure Z. First consider the case A € (£,2). By Lemma B.2,
R(Z) = ﬁ\/ar[@] — 52 Var [0} + 03 — 50|
< 4/\(2 /\)Var[('-)]
= b(\)Var[©].
Now, consider the case A € (—2, 2). By Lemma B.2,
R(Z) = Var[®] — 222 Var |o © | _ 2232 yar |gf — & | — 22 Var |of + 05 — 22
(2+>\)2 2+ 1 PEDY PEDY 02 2+ PEDY 1 2 2+
< (2+)\)2 Var[©]
— B(\)Var[©],
where the inequality follows from the the fact that A < 2 3 implies 2 T 32 > 0. 0

Lemma B.3. Fiz a type structure T and degree of substitutability A # 0. Then
TW=(2-NU+A(E[U|M;]+E[U | My))
where W := @1 +@; - %@, and U := 0} + 0 — 5;0.
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Proof. First Notice that

AE[U | M =\E[o] +0%; — &

L e
=)o, + EXo*, — 10 | M]

=xoi+ ENY () O -l M

—1

k=1
> k—1—=k+1 1
* A\ o
=Xof+A> () 6, -1,
k=1
N k-1 =k —
=i —2> ()1 e; + 1.,
k=1
= \o; — 207; —I—% (-')Z1
1 1

Therefore,

(2=ANU+A(E[U | M]+E[U | M) =(2-A)(o] +05—50)+ (A—2)(0] + %) + %(6} +6§)
+0,) - 320

so the desired equality holds. O

Lemma B.4. Let X and Y be two random variables on (2, B, ) and assume X has finite
second moments. Then, Cov[X,E[X | Y]] > 0.

Proof. Notice that Cov[X,E[X | Y]] = Cov[E[X | Y],E[X | Y]]. (See Lemma B.1.) Thus
Cov(X,E[X | Y]] = Var[E[X | Y]] > 0. O

Proof of Lemma 4.2
Write W := @} —I—@; — %@, and U :=0] + 05— %@. Note that Lemma B.2 states

R(T) ZmVar[G] — ﬁVar [U].

Since Var[®] is exogenous, maximizing R(Z) is equivalent to minimizing Var[U]. In addi-
tion, R(Z) = b(\)Var[@] if and only if Var[U] = 0 so (i) is equivalent to ().

We show that (i) is equivalent to (¢i¢) by showing Var[U] = 0 if and only if Var[W] = 0.
To show this, notice that Lemma B.3 states

IW = (2= MU + A (E[U | My] + E[U | My)) (6)
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Suppose that Var[U] = 0. This implies that U is almost surely constant and so do
E[U | M;]. Then, Var[W] = 0 by (6).
Now, suppose Var[W] = 0. Notice that (6) implies

0 = +Var[W]
= Var[(2 = A)U + A (E[U | My] + E[U | My])]
= (2 —\)? Var[U] + A\? Var[E[U | M;] + E[U | My]] +2A(2 — \) Cov[U,E[U | M;] + E[U | My]]
> (2 - \)? Var[U],

where the last equality follows from Cov[U,E[U | M;] > 0. (See Lemma B.4.) O

Proof of Proposition 4.2

First suppose A € (=2, 2). If A < 2, then R(Zy,2) = b(\)Var[®©] for any prior p.

Now suppose A € (%,X). Let © = {01,0r,0n} C R be the set of states so that
0p +1 =0y = 0y — 1. Define pu € A(O) so that () = 5 — 52 and p(0r) = p(0) =
1+ 52 Write T = (My, M, ) where M; = {L;, H;} and w : © — A(M; x M>) so that
m(0m)(Hi, Hy) = 1, m(0m)(Hi, Lo) = 3, 7(0n) (L1, Ha) = 3, and 7(0) (L1, Lo) = 1.

Notice that 5; : M; — A({0r,0m,0r}) is given by B;(L;) = (%,1 - %,0), and
Bi(H;) = (0,1 — %, %) Consequently,

This implies that for each w € Q, @i (w) + @; (w) — Z2O(w) = 32=2¢,,. Thus, if follows
that Var[@} + @é — ?@] = 0 and Z reaches the upper bound R(Z) = b(\)Var[®] (see
Proposition 4.2). O

Lemma B.5. Let X be a Bernoulli random variable in {—1,1} with uniform probability

and My, My two random variables. Fiz « € (0,2) so that o # % for each k € N. Then,
Var[E[X | M) + E[X | Mg] — aX] > 0.

Proof. We proceed by contradiction. Suppose Var(E[X | M;| + E[X | My] — aX) > 0.

Then E[X | M;] + E[X | M3] — aX = ¢ for certain ¢ € R with probability one. Notice

that E[X] = 0, so by the law of iterated expectations E[E[X | M;]] = 0. Thus, 0 = E[E[X |
M;]] + E[E[X | M]] — aE[X] = ¢. Therefore, ¢ = 0 and

E[X | M;] + E[X | Ms] — aX = 0 (7)
We show that (7) implies that Supp [E[X | M;]] = Supp [E[X | M_;]] = 0 leading to a

contraction.

To show this, first note the following remarks:
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(i) Supp [E[X [ M]] € [-1,1].
(i) If x € Supp [E[X | M;]] with 2 # 1 then (z, —a—=z) € Supp [(E[X | M;],E[X | M_;])].
(iii) If z € Supp [E[X | M;]] with 2 # —1 then (z,a—z) € Supp [(E[X | M;], E[X | M_;])].

Notice that (i) follows from the fact that X takes only values in {—1,1}. To show (ii),
notice that = € Supp [E[X | M;]] with © # 1 implies (z,—1) € Supp [E[X | M;], X], since
E[X | M;] <1 only if X = —1 with positive probability. Thus, by (7)

(x,—a—z,—1) € Supp [(E[X | M|, E[X | M_;], X)]. Remark (i) is analogous to (7).
We use (i), (i1), and (ii7) to show the following claim.

Claim. For each k € N and each 1,
(a) (1 —ka,1—(k—1)a)N Supp [E[X | M;]] =0, and
(b) (=14 (k—1)a, —1 + ka) N Supp [E[X | M;]] = 0.

We show the claim by induction in k. First consider the base case k = 1. Suppose that
x € (1—a, 1)NSupp [E[X | M;]]. Then, by (ii), —a—z € Supp [E[X | M_;]]. However, notice
that —a—x < a—(1—a) = —1 which contradicts (i). Thus, (1—a, 1)NSupp [E[X | M;]] = 0,
so (a) holds. Analogously, (7i¢) implies (—1, —1 4+ ) N Supp [E[X | M;]] = 0 so (b) holds.

Now, we show the inductive step. Suppose the claim holds for ¥ € N and suppose
r e (1—-(k+1)a,1—Fka)nSupp [E[X | M;]]. Then, by (ii), —a — x € Supp [E[X | M;]].
However, —a —z € (=1 + (k — 1)a, —1 + ka) which contradicts (b). Thus (1 — (k +
Da,1 — ka) N Supp [E[X | M;]] = 0, so (a) holds for k + 1. Analogously, (iii) implies
(=14 ka, -1+ (k+1)a)NSupp [E[X | M;]] = 0, so (b) holds for k+ 1. Therefore, the claim
holds as desired.

-1 -1+a -1+2a -1+3a -1+4a 1
® =
-1 -1-4a -1-3a -1-2a “1-a 1

..> Elements notin supp(@)_i)
Figure B.1 Illustration of Claim with o # % for each k € N.

Finally, notice that if « = £ for k € N, then the claim implies that Supp [E[X | M;]] C
{-1,-1+4+ a,...,1 — a,1}. However, if o # % for each k € N then the claim implies that
Supp [E[X | M;]] = 0 for each i € I. O
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Proof of Proposition 4.3

2k
2+k°

find an information structure such that Var[®; + @ — 0] = 0. Define Z(;) as follows.
Write My = My ={0,1,2,....,k} and 7 : © — A(M; x Ma), so that

First we show (i). Suppose for certain k € N, A = By Theorem 4.2, it is enough to

1 k—1 .
— fmi+meo=k—1
7(0r) (my, ma) = jlWJ P

otherwise

and

A (L) i hme =k 41

m(0p)(m1, ma) = mi—1

0 otherwise

Notice that P[® = 6, | M; = 0] = 0 since in state 6}, the message 0 is never sent.
Similarly, P[® = 6, | M; = k] = 1 since message k is sent only in state 6. In addition, for
eachi€Zandeach 1 <m; <k -1,

]P[Q = Hha Ml — ml]
7 (1)
Qk m,'fl
k—1 k—1
(mi ) + #(mi—l)

1
2k
()

1

3 o
B
~—

where the third equality follows from Pascal’s triangle identity. This implies that 6; (m;) =
(kfkmi) 0, + (%) 0},. Therefore,

01(ma) + By(my) = (L= ) g, + (m522) g,
Thus, if m1 +mao = k—1, then 01(m1) +02(ms) = k—zl@ + %Gh. In addition, if m1 +mo =
k + 1, then 51(m1) + €2<m2) = %01 + %Hh Thus, 61 + 62 = %(6[ + Qh) + %@
Therefore, Var[@; + ©; — 20] = 0.
Now, we show (ii). Fix an information structure Z and write @ = ¢;X + o for certain
uniform Bernoulli random variable X that takes values {—1,1}. Notice that
Var[®; + Oy — a®] = ¢ Var [E[X | M| + E[X | My] — aX] > 0

where the inequality follows from Lemma B.5. Thus, by Proposition 4.2 it follows that
R(T) < b(\)Var[@]. O
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Appendix C Extreme Strategic Effects

This section provides an analysis for extreme values of A. Here we show that It shows
that if A < —2 there may not exist a Bayesian equilibrium. In addition, if A > 2 then the
seller may achieve unlimited revenue by coordinating the players’ actions without revealing

information about the state 6.

C.1 Extreme Strategic Complementarity

Consider an environment with high strategic complementarity where A < 2. In this case
the seller is not able to get revenue by selling information information to the buyers. The
condition implies that the slope of the best response in terms of the action of the co-player

is higher than one.

Proposition C.1. Fiz an information structure T and assume A < —2 and A; = [0,00).

There exist no Bayesian equilibrium.

Proof. We proceed by contradiction. Assume (o7, 03) is a Bayesian equilibrium. Thus,

Gi(m;) € arg geaji / (ai 0 — a? — )\ a; &_i(m_i)) Bi(m;)
OXM_;
Then, by first order conditions, o} (m;) > SE[® — Ao} | m;]. Since = > 1, this implies
Elo;] > ;E[O] + E[o”,].
Since © C [0,00) and p € A(O) is assumed to be non degenerated, E[@] > 0. Therefore,
Elo}] > Elo* ;] for both i € {1,2} which leads a contradiction. O

C.2 Extreme Strategic Sustitutability

Consider now the case where X\ > 2. In this case the seller can help the agents to achieve
high levels of revenue by coordinating their actions instead of given any information about
f. Moreover, if the set of actions is A; = R, the level of revenue that the seller could achieve
is unlimited.

Call an information structure I = (M, 7) not informative about the state if the
mapping 7 : © — A(M) is constant in ©. An information structure that is not informative

about the state may still have value for the agents by coordinating actions between them.

Proposition C.2. Assume A > 2 and A; = R. Then for each v > 0 there is a information
structure I that is not informative about the state and a Bayesian equilibrium such that the

agents’ ex-ante expected utility is at least r.
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Proof. Define T = (M, ) so that M; = {L;, Hi} and 7(0)(L1, Ha) = 52, 7(0)(H1, L) =

%LA’ and 7(0)(Ly, L) = 2+)2\ for each & € ©. The information structure Z induces
a belief mapping £; : M; — A(©,M_;) so that marggfi(L;) = marggpli(H;) = p,
marg (g 3 Bi(Hi) = (1,0), and marg ;. g 1 8i(Li) = (252, %)

Notice that 7 is constant in 8 so it reveals no information about 8. We show that the
induced Bayesian game has multiple equilibria parametrized by a constant ¢ > 0. Define
of + M; — R so that o} (H;) = c and 0} (L;) = SE[®] — §c. We show that o} constitutes a
Bayesian equilibrium. To show this, notice that

o} (H;) = E[O®] — 5 [220%,(H_;) + 30*,(L_;)], and

of(Li) = 3E[O] — 3 [0%,(H-)] ,
which implies that for each m; € M;,

/@XM5 — 26_i(m_;) dBi(m;).

Consequently,

aiEAi
@XM,-L'

o;(m;) € arg max / (ai 0 — a? —\a; 6,i(m,i)) dBi(m;) ¢,
so (0}, 03) is a Bayesian equilibrium. In addition, U;(m; | 0*) = o} (m;)?. Thus, for each

r > 0 there is ¢ > 0 so that o} (m;)? > r for each message m;. Thus, there exists a value

c > 0 so that i’s ex-ante utility is higher than r > 0. O
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